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A model of a one-velocity heat-conducting heterogeneous medium with the Fourier relaxation law of heat
transfer has been constructed. It is shown that the model’s equations are of hyperbolic type. The results of
numerical experiments for a three-component mixture of ideal gases carried out with the use of the Courant–
Isaacson–Rees scheme are presented.
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Introduction. It is known that on immediate release of heat in a finite region a change in temperature in the
entire space also occurs instantly (see [1]), which is incorrect from the physical point of view. In [2], this problem
was discussed and a method to solve this paradox was proposed which was attributed to the use of explicit finite-dif-
ference schemes and application of minimum scales of quantities. A different approach to the solution of the problem
on instantaneous propagation of heat was considered in [3], where instead of the ordinary Fourier law the generalized
law of heat transfer allowing for the heat flux relaxation was used. In the case of a heat-conducting gas, the system
of equations with the generalized Fourier heat-transfer law becomes hyperbolic, and therefore the laws of propagation
of both gas-dynamical and thermal waves cannot be infinite.

In the present work, based on the one-velocity model of a heterogeneous medium [4] that allows for the in-
terfractional-interaction forces, a hyperbolic model of a multicomponent heat-conducting medium with the only carrying
fraction has been constructed.

One-Velocity Multicomponent Mixture. Let us consider an n-component mixture with the first m compress-
ible fractions. The equations that describe the flow of a heterogeneous medium and which allow for the forces of in-
terfractional interaction have the form (see [4])
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k=1

n(k≠i)

Jik ; (1)

ρi 
⎛
⎜
⎝

∂εi

∂t
 + (u⋅∇) ε1

⎞
⎟
⎠
 + 

αip

ρi
 
⎡
⎢
⎣

⎢
⎢
  ∑ 

k=1

n(k≠i)

Jik − 
⎛
⎜
⎝

∂ρi

∂t
 + (u⋅∇) ρi

⎞
⎟
⎠

⎤
⎥
⎦

⎥
⎥
 + div (αiWi) 

= ∑ 
k=1

n(k≠i)

(Rik + Qik) − 
⎛
⎜
⎝
εi − 

1
2

 ⏐u⏐
2⎞
⎟
⎠
   ∑ 

k=1

n(k≠i)
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∂αj

∂t
 + div (αju) = 

1

ρj
0  ∑ 

k=1

n(k≠j)

 Jjk ,   j = m + 1, ..., n .

System (1) is considered together with the generalized Fourier heat-transfer law allowing for thermal relaxation for the
averaged heat flux:

η 
⎛
⎜
⎝

∂W
∂t

 + (u⋅∇) W
⎞
⎟
⎠
 + χ grad T + W = 0 . (2)

At a zero value of the coefficient of thermal relaxation expression (2) coincides with the ordinary Fourier law.
The behavior of compressible fractions is described by the caloric equations of state εi = εi(p, ρi

0); therefore
the expression for the specific internal energy of the mixture can be written as

ε = ε (ρ, p, α1, ρ1
0
, ..., αm−1, ρm−1

0
, αm+1, ..., αn) . (3)

The average temperature is defined by the equation

T = ∑ 
i=1

n

αiTi , (4)

where Ti is the local temperature of the ith fraction, which can be found from the thermal equation of state Ti = Ti(p, ρi
0).

Allowing for the equalities ∑ 
i=1

n

αi = 1 and ρ = ∑ 
i=1

n

ρi ,  we rewrite Eq. (4) as

T=T (ρ, p, α1, ρ1
0
, ..., αm−1, ρm−1

0
, αm+1, ..., αn) .

(5)

We assume that in the mixture the only fraction filling the space in a cohesive way is the mth component.
All the rest fractions are "disseminated" in the mth (carrying) one; therefore in the equations of heat influx of system
(1) we must omit terms of the form of div (αiWi) responsible for heat transfer in the ith (i ≠ m) fractions.

Upon transformation (see [4]), the system of governing equations (1)–(2) in the absence of mass forces, phase
and chemical conversions, as well as of heat transfer by radiation for one-dimensional plane flows, is reduced to the
form
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⎠
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1
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0
Gi 

∂u
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where
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χ
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The corresponding expressions for H, Gi, and for the adiabatic velocity of sound c have the form
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∂p
 
⎛
⎜
⎝
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⎠
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⎥
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⎟
⎠
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⎛
⎜
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p
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⎞
⎟
⎠
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ρ
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∂ε
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p
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∂ρi
0 
⎛
⎜
⎝

∂εi

∂ρi
0

⎞
⎟
⎠
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∂ε
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⎝
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⎤
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∂p
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∂ρi
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⎛
⎜
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0 
∂ε

∂αi

 − 
∂ε
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0

⎞
⎟
⎠

⎤
⎥
⎦

 .

If in describing the behavior of compressible components of the mixture one uses the equation of state

εi = 
p − c∗i

2
 (ρi

0
 − ρ∗i)

ρi
0
 (γi − 1)

 , (8)

where γi, ρ∗i, and c∗i are the constants of the ith fraction that determine its individual properties, then for an n-com-
ponent mixture with the first m compressible fractions Eq. (3) takes the form

ε = 
1
ρ

 
⎡
⎢
⎣

⎢
⎢
 ∑ 
i=1

m−1

(pBim − dimρi
0
 + bim) αi + pBm + bm + ∑ 

j=m+1

n

 αjρj
0εj

⎤
⎥
⎦

⎥
⎥
 − dm . (9)

Here Bi = 1 ⁄ (γi − 1), Bim = Bi − Bm, di = c∗i
2 Bi, dim = di − dm, bi = diρ∗i, bim = bi − bm. The equation of state (8) for

the ith fraction can be rewritten as

εi = 
pBi + bi

ρi
0  − di .

(10)

The corresponding expressions for H, Gi, and c take the form

H = ρ 
⎡
⎢
⎣

⎢
⎢
Bm + ∑ 

i=1

m−1αi (bmBi − biBm)
bi + pBi

⎤
⎥
⎦

⎥
⎥

−1

 ,   Gi = 
ρc

2
Bi − p

bi + pBi
 ,     c = √⎯⎯⎯⎯⎯⎯  bm + p 

⎡
⎢
⎣
1 + Bm − ∑ 

i=1

m−1αi (bim + pBim)
bi + pBi

⎤
⎥
⎦

ρ 
⎡
⎢
⎣
Bm + ∑ 

i=1

m−1αi (bmBi − biBm)
bi + pBi

⎤
⎥
⎦

 . (11)

For a mixture of ideal gases the relations for H, Gi, and c are simplified still further:
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H = 
ρ

Bm
 ,   Gi = 

ρc
2
Bi − p

pBi
 ,   c = √⎯⎯⎯⎯⎯⎯⎯p

ρBm
 
⎛
⎜
⎝

⎜
⎜
1 + Bm − ∑ 

i=1

m−1αiBim

Bi

⎞
⎟
⎠

⎟
⎟

 . (12)

We will rewrite the system of equations (6) in a vector-matrix form:

∂U
∂t

 + A 
∂U
∂x

 = S , (13)

where

U = (ρ, u, p, ρ1
0
, α1, ..., ρm−1

0
, αm−1, αm+1, ..., αn; W)Tr

 ,   S = (0, ..., 0, − W ⁄ η)Tr
 ;

The characteristic equation of system (6) is written as

(ξ − (u − c1)) (ξ − (u − c2)) (ξ − u)n+m−2
 (ξ − (u + c2)) (ξ − (u + c1)) = 0 , (14)

where ξ = dx ⁄ dt. The expressions for the velocities c1 and c2 have the form

c1 = √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  
1
2

 
⎧
⎨
⎩
c

2
 + kpH + √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  c

4
 + H 

⎡
⎢
⎣
kp (2c

2
 + kpH) + 4 

⎛
⎜
⎝
kρ + 

1
ρ

 
⎛
⎜
⎝
 ∑ 
i=1

m−1

(kρi

0ρi
0
Gi + kαi

αi (1 − Gi)) + ∑ 
j=m+1

n

kαj
αj
⎞
⎟
⎠

⎞
⎟
⎠

⎤
⎥
⎦

⎫
⎬
⎭

 ,

c2 = √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  
1
2

 
⎧
⎨
⎩
c

2
 + kpH − √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  c

4
 + H 

⎡
⎢
⎣
kp (2c

2
 + kpH) + 4 

⎛
⎜
⎝
kρ + 

1
ρ

 
⎛
⎜
⎝
 ∑ 
i=1

m−1

(kρi

0ρi
0
Gi + kαi

αi (1 − Gi)) + ∑ 
j=m+1

n

kαj
αj
⎞
⎟
⎠

⎞
⎟
⎠

⎤
⎥
⎦

⎫
⎬
⎭

 .

The roots of the characteristic equation (14) are real numbers; moreover, the matrix A can be presented as

A = Ω−1ΛΩ , (15)

where
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Λ = (λpδpk), λp are the eigenvalues of the matrix A and δpk is the Kronecker symbol, therefore system (6) is hyper-
bolic but not reducible to a divergent form.

We will consider in more detail a three-component mixture each component of which is compressible. In this
case the system of equations (6) takes the form

∂ρ
∂t

 + u 
∂ρ
∂x

 + ρ 
∂u
∂x

 = 0 ,   
∂u
∂t

 + u 
∂u
∂x

 + 
1
ρ

 
∂p
∂x

 = 0 ,   
∂p
∂t

 + u 
∂p
∂x

 + ρc
2
 
∂u
∂x

 + H 
∂W
∂x

 = 0 ,

∂ρ1
0

∂t
 + u 

∂ρ1
0

∂x
 + ρ1

0
G1 

∂u

∂x
 = 0 ,   

∂α1

∂t
 + u 

∂α1

∂x
 + α1 (1 − G1) 

∂u

∂x
 = 0 ,

(16)

∂ρ2
0

∂t
 + u 

∂ρ2
0

∂x
 + ρ2

0
G2 

∂u

∂x
 = 0 ,   

∂α2

∂t
 + u 

∂α2

∂x
 + α2 (1 − G2) 

∂u

∂x
 = 0 ,

∂W

∂t
 + u 

∂W

∂x
 + kρ 

∂ρ
∂x

 + kp 
∂p

∂x
 + kρ1

0 
∂ρ1

0

∂x
 + kα1

 
∂α1

∂x
 + kρ2

0 
∂ρ2

0

∂x
 + kα2

 
∂α2

∂x
 + 

1

η
 W = 0 ,

where

Ω = ;
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kρ = 
χ

η
 
∂T

∂ρ
 ;   kp = 

χ
η

 
∂T

∂p
 ;   kρ1

0 = 
χ

η
 
∂T

∂ρ1
0 ;   kα1

 = 
χ

η
 
∂T

∂α1

 ;   kρ2

0 = 
χ

η
 
∂T

∂ρ2
0 ;   kα2

 = 
χ
η

 
∂T

∂α2

 .

We will represent system (16) in a vector-matrix form of (13), in which

U = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

ρ
u

p

ρ1
0

α1

ρ2
0

α2
W

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,   A = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

u
0

0

0
0

0
0
kρ

   

ρ
u

ρc
2

ρ1
0
G1

α1 (1 − G1)

ρ2
0
G2

α2 (1 − G2)
0

   

0
1 ⁄ ρ

u

0
0

0
0
kp

   

0
0

0

u
0

0
0

kρ1

0

   

0
0

0

0
u

0
0

kα1

   

0
0

0

0
0

u
0

kρ2
0

   

0
0

0

0
0

0
u

kα2

   

0
0

H

0
0

0
0
u

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,   S = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

0
0

0

0
0

0
0

− W ⁄ η

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 . (17)

The matrix A has eight real eigenvalues:

u � c1, u, u, u, u, u � c2 ,

where

c1

= √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  
1
2

 
⎧
⎨
⎩
c

2
 + kpH + √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  c

4
 + H 

⎡
⎢
⎣
kp (2c

2
 + kpH) + 4 

⎛
⎜
⎝
kρ + 

1
ρ

 (kρ1

0ρ1
0
G1 + kα1

α1 (1 − G1) + kρ2

0ρ2
0
G2 + kα2

α2 (1 − G2))
⎞
⎟
⎠

⎤
⎥
⎦

⎫
⎬
⎭

,

c2 (18)

= √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  
1
2

 
⎧
⎨
⎩
c

2
 + kpH − √⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯  c

4
 + H 

⎡
⎢
⎣
kp (2c

2
 + kpH) + 4 

⎛
⎜
⎝
kρ + 

1
ρ

 (kρ1

0ρ1
0
G1 + kα1

α1 (1 − G1) + kρ2

0ρ2
0
G2 + kα2

α2 (1 − G2))
⎞
⎟
⎠

⎤
⎥
⎦

⎫
⎬
⎭

.

Note that c1 determines the velocity of propagation of gas-dynamical disturbances, and c2 of thermal ones. The corre-
sponding matrices Ω, Λ, and Ω−1 in the representation of (15) have the form

Ω = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜

⎜
⎜
⎜
⎜
⎜

1
1
1
1
1
1
1
1

   

e1
e2
0
0
0
0

− e2
− e1

   

f1
f2
0
0
0
0
f2
f1

   

r1
r1
0
0
0
h1
r1
r1

   

q1
q1
0
0
g1
0
q1
q1

   

r2
r2
0
h2
0
0
r2
r2

   

q2
q2
g2
0
0
0
q2
q2

   

s1
s2
0
0
0
0

− s2
− s1

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟

⎟
⎟
⎟
⎟
⎟

 ,   Λ = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜

⎜
⎜
⎜
⎜
⎜

u − c1
0
0

0
0
0
0
0

   

0
u − c2

0
0
0
0
0
0

   

0
0
u
0
0

0
0
0

   

0
0
0
u
0
0
0
0

   

0
0

0
0
u
0
0
0

   

0
0

0
0
0
u
0
0

   

0
0
0

0
0
0

u + c2
0

   

0
0
0

0
0
0
0

u + c1

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟

⎟
⎟
⎟
⎟
⎟

 ,

Ω−1
 = 

1
2g

(19)
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where

e1 = 
ρc1

kρ
 
⎛
⎜
⎝
kp − 

c1
2

H

⎞
⎟
⎠
 ;   e2 = 

ρc2
kρ

 
⎛
⎜
⎝
kp − 

c2
2

H

⎞
⎟
⎠
 ;   f1 = 

c1
2

kρH
 ;   f2 = 

c2
2

kρH
 ;   

g1 = − 
ρ

α1 (1 − G1)
 ;   g2 = − 

ρ
α2 (1 − G2)

 ;

h1 = − 
ρ

ρ1
0
G1

 ;   h2 = − 
ρ

ρ2
0
G2

 ;   r1 = 
kρ1

0

kρ
 ;   r2 = 

kρ2

0

kρ
 ;   q1 = 

kα1

kρ
 ;   q2 = 

kα2

kρ
 ;   s1 = − 

c1

kρ
 ;   s2 = − 

c2

kρ
 ;

g = q1g2h1h2 + g1q2h1h2 + g1g2r1h2 + g1g2h1r2 − g1g2h1h2 ;

F1 = g1q2h2 − g1g2h2 + q1g2h2 + g1g2r2 ;   F2 = q2h1h2 − g2h1h2 + g2r1h2 + g2h1r2 ;

F3 = g1q2h1 − g1g2h1 + g1g2r1 + q1g2h1 ;   F4 = q1h1h2 − g1h1h2 + g1r1h2 + g1h1r2 .

For a mixture of ideal gases the expression for the average temperature (4) yields

T = p 
⎡
⎢
⎣

α1

ρ1
0
R1

 + 
α2

ρ2
0
R2

 + 
(1 − α1 − α2)

2

(ρ − α1ρ1
0
 − α2ρ2

0) R3

⎤
⎥
⎦
 , (20)

where Ri is the gas constant of the ith fraction. With the use of Eq. (20) the coefficients kρ, kp, kρ1
0, kα1

, kρ2
0, and

kα2
 entering into Eq. (18) take the form

kρ = − 
χ

η
 

(1 − α1 − α2)
2
 p

(ρ − α1ρ1
0
 − α2ρ2

0)2 R3

 ,   kp = 
χ

η
 
⎡
⎢
⎣

α1

ρ1
0
R1

 + 
α2

ρ2
0
R2

 + 
(1 − α1 − α2)

2

(ρ − α1ρ1
0
 − α2ρ2

0) R3

⎤
⎥
⎦
 ,

×   ,
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kρ1

0 = − 
α1χp

η
 
⎡
⎢
⎣

1

(ρ1
0)2 R1

 − 
(1 − α1 − α2)

2

(ρ − α1ρ1
0
 − α2ρ2

0)2 R3

⎤
⎥
⎦
 ,

kα1
 = 

χp

η
 
⎡
⎢
⎣

1

ρ1
0
R1

 + 
(1 − α1 − α2) [α1ρ1

0
 − 2 (ρ − α2ρ2

0) + (1 − α2) ρ1
0
]

(ρ − α1ρ1
0
 − α2ρ2

0)2 R3

⎤
⎥
⎦
 ,

kρ2

0 = − 
α2χp

η
 
⎡
⎢
⎣

1

(ρ2
0)2 R2

 − 
(1 − α1 − α2)

2

(ρ − α1ρ1
0
 − α2ρ2

0)2 R3

⎤
⎥
⎦
 ,

kα2
 = 

χp

η
 
⎡
⎢
⎣

1

ρ2
0
R2

 + 
(1 − α1 − α2) [α2ρ2

0
 − 2 (ρ − α1ρ1

0) + (1 − α1) ρ2
0
]

(ρ − α1ρ1
0
 − α2ρ2

0)2 R3

⎤
⎥
⎦
 .

In par ticular , for  a mixture consisting of nitrogen (α1 = 0.781, γ1 = 1.524, ρ1
0 = 1.149 kg ⁄ m3), oxygen (α2 = 0.21, γ2 =

1.409, ρ2
0 = 1.314 kg ⁄ m3), and argon (α3 = 0.009, γ3 = 1.838, ρ3

0 = 1.640 kg ⁄ m3) under normal conditions, the values
of velocities c1, c2, and c are equal to 340.85, 0.664, and 340.86 m ⁄ sec, respectively. In calculations the thermal con-
ductivity coefficient of the mixture was determined from the expression

χ = 
1
ρ

 (ρ1χ1 + ρ2χ2 + ρ3χ3) , (21)

where χ1 = 2.57⋅10−2 kg⋅m ⁄ (sec3⋅K) for nitrogen, χ2 = 2.47⋅10−2 kg⋅m ⁄ (sec3⋅K) for oxygen, and χ3 = 1.77⋅10−2

kg⋅m ⁄ (sec3⋅K) for argon. The coefficient η = 10−4 sec.
The considered model of a heat-conducting heterogeneous medium is the one-parameter model with the sole

unknown quantity — the coefficient of thermal relaxation η. Note that if there are experimental data on propagation
of, say, thermal waves in a mixture, then from them we can determine the parameter η, which entirely verifies the
model.

Numerical Integration of Model’s Equations. We will consider a one-dimensional plane flow of a three-
component mixture consisting of ideal gases. The average temperature of the mixture was calculated from Eq. (20).

For numerical integration of system (16) with the vectors U, S and matrix A from (17), we use the Courant–
Isaacson–Rees finite-difference scheme (see [5]):

Ui
k+1

 − Ui
k

Δt
 + Ai

k
 
Ui+1 ⁄ 2

k
 − Ui−1 ⁄ 2

k

Δx
 = Si

k
 ,

(22)

where

Um+1 ⁄ 2
k

 = 
1
2

 ⎛⎝Um
k

 + Um+1
k ⎞

⎠ + 
1
2

 
⎧
⎨
⎩
Ω−1

 [sign  (Λ)] Ω
⎫
⎬
⎭m

k

 ⎛⎝Um
k

 − Um+1
k ⎞

⎠ ,   m = i, i − 1 .

The matrices Ω−1, Λ, and Ω were determined according to Eqs. (19).
In calculating flows of a nonconductive mixture, the following procedure was used. Since the mixture of ideal

gases is considered for which b1 = 0 and b2 = 0, the equations of the heat influx for these fractions, considered to-
gether with the continuity equation for the mixture as a whole, are reduced to a divergent form:

∂ρϕ1

∂t
 + 

∂ρϕ1u

∂x
 = 0 ,   

∂ρϕ2

∂t
 + 

∂ρϕ2u

∂x
 = 0 ,

where
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ϕ1 = ln 
⎛
⎜
⎝

1

ρ1

 
⎛
⎜
⎝

p

ρ1
0

⎞
⎟
⎠

B1⎞
⎟
⎠
 ;   ϕ2 = ln 

⎛
⎜
⎝

1

ρ2

 
⎛
⎜
⎝

p

ρ2
0

⎞
⎟
⎠

B2⎞
⎟
⎠
 .

Thus, if we introduce the vector V = (ρ, ρu, ρe, α1ρ1
0, ρϕ1, α2ρ2

0, ρϕ2)Tr, then the determining system of equations
(13) with the parameters

U = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

ρ
u

p

ρ1
0

α1

ρ2
0

α2

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,   A = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

u
0

0

0
0

0
0

   

ρ
u

ρc
2

ρ1
0
G1

α1 (1 − G1)

ρ2
0
G2

α2 (1 − G1)

   

0
1 ⁄ ρ

u

0
0

0
0

   

0
0

0

u
0

0
0

   

0
0

0

0
u

0
0

   

0
0

0

0
0

u
0

   

0
0

0

0
0

0
u

   

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,   S = 

⎛

⎜

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

0
0

0

0
0

0
0

⎞

⎟

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

subject to the equation of state (9) that in the considered case takes the form

ε = 
p
ρ

 (α1B13 + α2B23 + B3) ,

is written as

∂V
∂t

 + 
∂Π (V)
∂x

 = 0 ,
(23)

where

Π (V) = (ρu, p + ρu
2
; (p + ρe) u, ρ1u, ρϕ1u, ρ2u, ρϕ2u)Tr

 .

Transition from the " pr imary"  var iables Ui to the "new" variables Vi is made in the following way:

V1 � ρ = U1 ,   V2 � ρu = U1U2 ,   V3 � ρ 
⎛
⎜
⎝
ε + 

u
2

2

⎞
⎟
⎠
 = U3 (B13U5 + B23U7 + B3) + 

U1U2
2

2
 ,

V4 � ρ1
0α1 = U4U5 ,   V5 � ρ ln 

⎛
⎜
⎝

1

α1ρ1
0 
⎛
⎜
⎝

p

ρ1
0

⎞
⎟
⎠

B1⎞
⎟
⎠
 = U1 ln 

⎛
⎜
⎝

1

U5U4

 
⎛
⎜
⎝

U3

U4

⎞
⎟
⎠

B1⎞
⎟
⎠
 ,

V6 � ρ2
0α2 = U6U7 ,   V7 � ρ ln 

⎛
⎜
⎝

1

α2ρ2
0 
⎛
⎜
⎝

p

ρ2
0

⎞
⎟
⎠

B2⎞
⎟
⎠
 = U1 ln 

⎛
⎜
⎝

1

U7U6

 
⎛
⎜
⎝

U3

U6

⎞
⎟
⎠

B2⎞
⎟
⎠
 .

The inverse transformations are performed with the aid of the expressions

U1 � ρ = V1 ,   U2 � u = 
V2

V1
 ,   U3 � p = 

1

B3
 
⎛
⎜
⎝
V3 − 

V2
2

2V1
 − A1B13V4 − A2B23V6

⎞
⎟
⎠
 ,

U4 � ρ1
0
 = 

1

A1B3
 
⎛
⎜
⎝
V3 − 

V2
2

2V1
 − A1B13V4 − A2B23V6

⎞
⎟
⎠
 ,    U5 � α1 = A1B3V4 

⎛
⎜
⎝
V3 − 

V2
2

2V1
 − A1B13V4 − A2B23V6

⎞
⎟
⎠

−1

 ,
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U6 � ρ2
0
 = 

1

A2B3
 
⎛
⎜
⎝
V3 − 

V2
2

2V1
 − A1B13V4 − A2B23V6

⎞
⎟
⎠
 ,   U7 � α2 = A2B3V6 

⎛
⎜
⎝
V3 − 

V2
2

2V1
 − A1B13V4 − A2B23V6

⎞
⎟
⎠

−1

 ,

where

A1 = 
⎡
⎢
⎣
V4 exp 

⎛
⎜
⎝

V5

V1

⎞
⎟
⎠

⎤
⎥
⎦

1
B1

 ;   A2 = 
⎡
⎢
⎣
V6 exp 

⎛
⎜
⎝

V7

V1

⎞
⎟
⎠

⎤
⎥
⎦

1
B2

 .

The finite-volume scheme for the system in a divergent form (23) has the form

Vi
k+1

 − Vi
k

Δt
 + 

Πi+1 ⁄ 2
k

 − Πi−1 ⁄ 2
k

Δx
 = 0 .

(24)

In calculating the fluxes through the faces of the cells the Harten–Lax–Van Leer approach (see [5]) was used:

Fig. 1. Distribution of the parameters of flow along x: in a heat-conducting
mixture — dashed curves; in a mixture with doubled thermal conductivity co-
efficients — dashed-dotted curves; for a nonconducting mixture — solid
curves.

155



Πl−1 ⁄ 2
k

 = 

⎧

⎨

⎩

⎪
⎪

⎪
⎪

Πl−1
k

 ,                                                   if   λ1 > 0 ,

λ7Πl−1
k

 − λ1Πl
k
 + λ1λ7 (Vl

k
 − Vl−1

k )
λ7 − λ1

 ,   if   λ1 < 0 ,   λ7 > 0 ,

Πl
k
 ,                                                      if   λ7 < 0 .

With the used of the counterflow scheme (22) the Riemann problem in a heat-conducting mixture consisting of
nitrogen, oxygen, and argon was solved numerically. The parameters of the mixture prior to decomposition were: to the
left of the diaphragm (x < 0) p0(1) = 0.15 MPa, u0(1) = 0, α10(1) = 0.781, T10(1) = 313 K, ρ10(1)

0  = 1.614 kg ⁄ m3, γ1(1) =
1.524, χ1(1) = 2.57⋅10−2 kg⋅m ⁄ (sec3⋅K), α20(1) = 0.21, T20(1) = 313 K, ρ20(1)

0  = 1.845 kg ⁄ m3, γ2(1) = 1.409, γ2(1) =
2.47⋅10−2 kg⋅m ⁄ (sec3⋅K), α30(1) = 0.009, T30(1) = 313 K, ρ30(1)

0  = 2.303 kg ⁄ m3, γ3(1) = 1.838, χ3(1) = 1.77⋅10−2

kg⋅m ⁄ (sec3⋅K), η(1) = 0.05 sec; to the right of the diaphragm (x > 0) p0(2) = 0.1 MPa, u0(2) = 0, α20(1) = 0.781, T10(2)
= 293 K, ρ10(2)

0  = 1.149 kg ⁄ m3, γ1(2) = 1.524, χ1(2) = 2.57⋅10−2 kg⋅m ⁄ (sec3⋅K), α20(2) = 0.21, T20(2) = 293 K, ρ20(2)
0  =

1.314 kg ⁄ m3, γ2(2) = 1.409, χ2(2) = 2.47⋅10−2 kg⋅m ⁄ (sec3⋅K), α3(2) = 0.009, T30(2) = 293 K, ρ30(2)
0  = 1.64 kg ⁄ m3, γ3(2)

= 1.838, χ3(2) = 1.77⋅10−2 kg⋅m ⁄ (sec3⋅K), η(2) = 0.05 sec. At time t = 0 the diaphragm is instantly removed, and the
regime of flow with a shock wave moving to the right and rarefaction wave moving to the left is realized.

Figure 1 presents the results of computations of the decomposition of arbitrary discontinuity in both a heat-
conducting and nonconducting mixture that were obtained with the use of schemes (22) and (24) by the time t = 0.06
sec. The computations were performed on a dimensional grid consisting of 1000 meshes. From Fig. 1f it is seen that
the most intense heat fluxes are observed near the contact boundary, and the less intense ones in the shock and rare-
faction waves. On twofold increase in the thermal conductivity coefficient of each of the mixture components, the heat
fluxes near the contact boundary, shock wave, and rarefaction wave increase, the remaining flow parameters practically
remaining intact. It should also be noted that with the use of scheme (22) the position of the contact boundary is de-
termined more precisely as against the Harten–Lax–Van der Leer method (see Fig. 1c).

Conclusions. The application of the generalized Fourier heat-transfer law with heat flux relaxation ensures the
hyperbolicity of the equations in the model of one-velocity multicomponent heat-conducting medium, which, in turn,
makes it possible to obtain a physically consistent pattern of flow and, moreover, allows one to use the well-estab-
lished numerical methods of solving hyperbolic systems of equations.

NOTATION

c, adiabatic velocity of sound in a mixture; c∗i, constant of equation of state; e = ε + 
1
2

u2, specific full energy

of mixture; F, mass force density; Jij, intensity of conversion of mass from ith fraction into jth one per unit volume

of mixture; p, pressure; Qij, heat release per unit time per unit volume of mixture arising as a result of conversion of

ith fraction into jth one; Rij, quantity of heat per unit time per unit volume of mixture entering into ith fraction from

jth one by radiation; t, time; T, averaged temperature; Tr, transposition operator; u, velocity vector; Wi, vector of heat

flux density for ith fraction; W = ∑ 
i=1

n

αiWi, average vector of heat flux; x, spatial variable; αi, volumetric fraction; γi,

constant of equation of state; εi, specific internal energy; ε = 
1
ρ

 ∑ 
i=1

n

ρiεi, specific internal energy of mixture as a whole;

η, coefficient of thermal relaxation of mixture; ρ, mixture density; ρi
0, true density of ith fraction; ρi = αiρi

0, reduced

density of ith component; ρ∗i, constant of equation of state; χ, thermal conductivity coefficient of mixture. Subscripts

and superscripts: 0, in nonperturbed medium; (1) and (2), for mixture parameters "on the left" and "on the right" of
contact discontinuity.

156



REFERENCES

1. A. A. Samarskii and A. P. Mikhailov, Mathematical Simulation: Concepts, Methods, Examples [in Russian],
Fizmatlit, Moscow (2001).

2. B. N. Chetverushkin, Minimum dimensions in the problems of the mechanics of a continuous medium, Mat.
Modelir., 17, No. 4, 27–39 (2005).

3. P. P. Volosevich, E. I. Levanov, and E. V. Severina, Solutions of the type of traveling waves including hyper-
bolic heat transfer, Inzh.-Fiz. Zh., 81, No. 2, 290–302 (2008).

4. V. S. Surov, On equations of a one-velocity heterogeneous medium, Inzh.-Fiz. Zh., 82, No. 1, 75–84 (2009).
5. A. G. Kulikovskii, N. V. Pogorelov, and A. Yu. Semenov, Mathematical Problems of Numerical Solution of

Hyperbolic Systems of Equations [in Russian], Fizmatlit, Moscow (2001).

157



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.000 792.000]
>> setpagedevice


